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Abstract
We consider generalized Stirling numbers of the second kind S
αs,βs,rs,ps
a,b,r (p, k), k = 0, 1, . . . .rp +∑L
s=2
rsps, where a, b, αs, βs are complex numbers, and r, p, rs, ps are non-negative integers given, s =
2, . . . , L. (The case a = 1, b = 0, r = 1, rsps = 0, corresponds to the standard Stirling numbers S (p, k).)
The numbers S
αs,βs,rs,ps
a,b,r (p, k) are connected with a generalization of Eulerian numbers and polynomials
we studied in previous works. This link allows us to propose (first, and then to prove, specially in the
case r = rs = 1) several results involving our generalized Stirling numbers, including several families of
new recurrences for Stirling numbers of the second kind. In a future work we consider the recurrence
and the differential operator associated to the numbers S
αs,βs,rs,ps
a,b,r (p, k).
1 Introduction
Throughout the work, L will denote an arbitrary positive integer ≥ 2 given, r, rs and p, ps will denote
non-negative integers given, and we will write σ for the sum
∑L
s=2 rsps.
Stirling numbers are nice mathematical objects studied along the years: they contain important combi-
natorial information, and they have shown to be connected with many other important mathematical and
physical objects. (For a comprehensive study of Stirling numbers, including connections with physics, see [16]
and the hundreds of references therein.) Many generalizations of Stirling numbers are known nowadays. In
1998 Hsu and Shiue [14] presented a unified approach containing several important generalizations of Stirling
numbers studied before by different authors (Carlitz [3, 4, 5], Howard [13], Gould-Hopper [10], Riordan [21],
Charalambides [6, 7, 8], Koutras [15], among others). We also mention the work of P. Blasiak [1]. Both, the
Hsu and Shiue, and Blasiak works have some (natural) intersections with the generalization we consider in
this work. However, all these works run in different directions.
We will be dealing with the Z-Transform (see [11, 24]), which is a function Z that maps complex
sequences an = (a0, a1, . . .) into complex functions Z (an) (z) (or simply Z (an)), given by the Laurent
series Z (an) (z) =
∑
∞
n=0
an
zn
(called Z-Transform of the sequence an, defined in the exterior of the circle of
convergence of the Taylor series
∑
∞
n=0 anz
n —the generating function of the sequence an—). If Z (an) =
A (z), we can also write an = Z
−1 (A (z)), and we say that the complex sequence an is the Inverse Z-
Transform of the complex function A (z). For example, the sequence λn (where λ is a given non-zero
complex number), has Z-transform
Z (λn) =
∞∑
n=0
λn
zn
=
1
1− λ
z
=
z
z − λ
, (1)
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defined for |z| > |λ|. In particular, the Z-transform of the constant sequence 1 is
Z (1) =
z
z − 1
. (2)
Besides the natural properties of linearity and injectivity, the Z-transform has the following two important
properties to be used in this work (which formal proofs are easy exercises left to the reader):
1. (Advance-shifting property) If Z (an) = A (z), and k is a non-negative integer given, we have
Z (an+k) = z
k

A (z)− k−1∑
j=0
aj
zj

 . (3)
2. (Multiplication by the sequence n) If Z (an) = A (z), then
Z (nan) = −z
d
dz
A (z) . (4)
From (2) and (4), we see that the Z-transform of the sequence n is
Z (n) = −z
d
dz
z
z − 1
=
z
(z − 1)2
. (5)
The Z-transform of the sequence
(
n
r
)
, where r is a non-negative integer given, is
Z
((
n
r
))
=
z
(z − 1)
r+1 . (6)
(The cases r = 0 and r = 1 correspond to (2) and (5), respectively. The rest is an easy induction on r left
to the reader.) According to the advance-shifting property (3), together with (6), we see that for 0 ≤ k ≤ r,
we Z-transform of the sequence
(
n+k
r
)
is
Z
((
n+ k
r
))
=
zk+1
(z − 1)
r+1 . (7)
In Section 2 we introduce the generalized Stirling numbers of the second kind S
αs,βs,rs,ps
a,b,r (p, k). The
definition we give for S
αs,βs,rs,ps
a,b,r (p, k) is related to generalized Eulerian numbers A
αs,βs,rs,ps
a,b,r (p, k) (formula
(17)), but soon we show that our generalized Stirling numbers have an explicit formula that generalizes the
known explicit formula for S (p, k) (proposition 1). In Section 3 we consider the case r = rs = 1, and we
prove several results involving the GSN S
αs,βs,1,ps
a,b,1 (p, k). Some of these results are proved by induction: we
mention that the way we arrived to them came from a previous work (not included here) with generalized
Eulerian numbers and polynomials [17, 18], together with the connection described in Section 2. Finally, in
Section 4 we state the results about the recurrence and the differential operator associated to the generalized
Stirling numbers S
αs,βs,rs,ps
a,b,r (p, k) (these results are the main topics of the second part of this work [19].)
Also, in a future work we consider the generalized Bell numbers resulting of the generalization of Stirling
numbers of this work [20].
2 The Generalized Stirling Numbers
In a recent work [17], we considered the Generalized Eulerian Numbers (GEN, for short) A
αs,βs,rs,ps
a,b,r (p, i),
i = 0, 1, . . . , rp+σ (where a, b, αs, βs are complex numbers, and r, p, rs, ps are non-negative integers), defined
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as the coefficients in the expansion of the (rp+ σ)-th degree polynomial
(
an+b
r
)p∏L
s=2
(
αsn+βs
rs
)ps
in terms
of the basis B1 =
{(
n+rp+σ−i
rp+σ
)
, i = 0, 1, . . . , rp+ σ
}
(of the vector space Prp+σ of n-polynomials of degree
≤ rp+ σ; see [22], p. 208, 4.3(b)), that is
(
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps
=
rp+σ∑
i=0
A
αs,βs,rs,ps
a,b,r (p, i)
(
n+ rp+ σ − i
rp+ σ
)
. (8)
When rsps = 0, s = 2, 3, . . . , L, we write the GEN as Aa,b,r (p, i), i = 0, 1, . . . , rp. Clearly, the numbers
A1,0,1 (p, i), i = 0, 1, . . . , p, correspond to the standard Eulerian numbers, that we denote as A (p, i). In this
case, expression (8) is just Worpitzky identity [26]: np =
∑p
i=0 A (p, i)
(
n+p−i
p
)
. We have the explicit formula
(see [17])
A
αs,βs,rs,ps
a,b,r (p, i) =
i∑
j=0
(−1)
j
(
rp+ σ + 1
j
)(
a (i− j) + b
r
)p L∏
s=2
(
αs (i− j) + βs
rs
)ps
. (9)
According to (7), the Z-transform of the sequence
(
an+b
r
)p∏L
s=2
(
αsn+βs
rs
)ps
is
Z
((
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps)
=
z
∑rp+σ
i=0 A
αs,βs,rs,ps
a,b,r (p, i) z
rp+σ−i
(z − 1)
rp+σ+1 . (10)
The polynomial
P
αs,βs,rs,ps
a,b,r,p (z) =
rp+σ∑
i=0
A
αs,βs,rs,ps
a,b,r (p, i) z
rp+σ−i, (11)
is the Generalized Eulerian Polynomial (GEP, for short). When rsps = 0, s = 2, 3, . . . , L, we write the GEP
(11) as Pa,b,r,p (z). These polynomials were studied in [18].
Inspired by the well-known case, in which Stirling numbers of the second kind S (p, k), k = 0, 1, . . . , p,
appear in the coefficients of the expansion of np in terms of the basis B2 =
{(
n
k
)
, k = 0, 1, . . . , p
}
(of the
vector space Pp —of polynomials of degree ≤ p—), namely n
p =
∑p
k=0 k!S (p, k)
(
n
k
)
, we consider the basis
B2 =
{(
n
k
)
, k = 0, 1, . . . , rp+ σ
}
of the vector space Prp+σ (see [22], p. 209, 4.3(d)), then write the (rp+ σ)-
th degree n-polynomial
(
an+b
r
)p∏L
s=2
(
αsn+βs
rs
)ps
in terms of B2, and define the Generalized Stirling Numbers
of the Second Kind (GSN, for short) S
αs,βs,rs,ps
a,b,r (p, k), by means of the expansion(
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps
=
1
(r!)
p∏L
s=2 (rs!)
ps
rp+σ∑
k=0
k!S
αs,βs,rs,ps
a,b,r (p, k)
(
n
k
)
. (12)
If k < 0 or k > rp+ σ, we have S
αs,βs,rs,ps
a,b,r (p, k) = 0. For the rest of the work, “Stirling number(s)” will
mean “Stirling number(s) of the second kind”.
By using (6) and according to (12), we see that the Z-Transform of the sequence
(
an+b
r
)p∏L
s=2
(
αsn+βs
rs
)ps
is
Z
((
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps)
=
1
(r!)
p∏L
s=2 (rs!)
ps
rp+σ∑
k=0
k!S
αs,βs,rs,ps
a,b,r (p, k)
z
(z − 1)k+1
, (13)
that we can write as
Z
((
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps)
=
z
(z − 1)
rp+σ+1
(r!)
p∏L
s=2 (rs!)
ps
rp+σ∑
k=0
k!S
αs,βs,rs,ps
a,b,r (p, k) (z − 1)
rp+σ−k
.
(14)
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Thus, comparing (14) with (10), we obtain the following expression for the GEP P
αs,βs,rs,ps
a,b,r,p (z) in terms
of the GSN S
αs,βs,rs,ps
a,b,r (p, k),
P
αs,βs,rs,ps
a,b,r,p (z) =
1
(r!)
p∏L
s=2 (rs!)
ps
rp+σ∑
k=0
k!S
αs,βs,rs,ps
a,b,r (p, k) (z − 1)
rp+σ−k
. (15)
The GEP P
αs,βs,rs,ps
a,b,r,p (z) (11) written in powers of z − 1, is
P
αs,βs,rs,ps
a,b,r,p (z) =
rp+σ∑
k=0
rp+σ∑
i=0
(
rp+ σ − i
rp+ σ − k
)
A
αs,βs,rs,ps
a,b,r (p, i) (z − 1)
rp+σ−k
. (16)
Thus, from (15) and (16), we see that for 0 ≤ k ≤ rp+ σ we have
S
αs,βs,rs,ps
a,b,r (p, k) =
(r!)p
∏L
s=2 (rs!)
ps
k!
rp+σ∑
i=0
(
rp+ σ − i
rp+ σ − k
)
A
αs,βs,rs,ps
a,b,r (p, i) . (17)
Reciprocally, we can write (14) as
Z
((
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps)
(18)
=
z
(z − 1)
rp+σ+1
rp+σ∑
k=0
k!
(r!)p
∏L
s=2 (rs!)
ps
S
αs,βs,rs,ps
a,b,r (p, k)
rp+σ−k∑
j=0
(
rp+ σ − k
j
)
(−1)
j
zrp+σ−k−j .
In the right-hand side of (18) introduce the new summation index i = k + j, to obtain
Z
((
an+ b
r
)p L∏
s=2
(
αsn+ βs
rs
)ps)
(19)
=
z
(z − 1)
rp+σ+1
rp+σ∑
i=0
(
(−1)i
(r!)
p∏L
s=2 (rs!)
ps
rp+σ∑
k=0
(
rp+ σ − k
rp+ σ − i
)
(−1)
k
k!S
αs,βs,rs,ps
a,b,r (p, k)
)
zrp+σ−i.
Thus, comparing (19) with (10) (and (11)), we see that for 0 ≤ i ≤ rp+ σ we have
A
αs,βs,rs,ps
a,b,r (p, i) =
(−1)i
(r!)
p∏L
s=2 (rs!)
ps
rp+σ∑
k=0
(
rp+ σ − k
rp+ σ − i
)
(−1)k k!S
αs,βs,rs,ps
a,b,r (p, k) . (20)
In the standard case a = 1, b = 0, r = 1, rsps = 0, formulas (17) and (20) are well-known results:
S (p, k) = 1
k!
∑p
i=0
(
p−i
p−k
)
A (p, i) , and A (p, i) = (−1)i
∑p
k=0
(
p−k
p−i
)
(−1)k k!S (p, k) .(See [12], p. 269, formulas
(6.39) and (6.40).)
The GSN S
αs,βs,rs,ps
a,b,r (p, k) have an explicit formula (generalizing the known explicit formula S (p, k) =
1
k!
∑k
j=0 (−1)
j (k
j
)
(k − j)
p
).
Proposition 1 We have the following explicit formula for the GSN S
αs,βs,rs,ps
a,b,r (p, k)
S
αs,βs,rs,ps
a,b,r (p, k) =
(r!)
p∏l
s=2 (rs!)
ps
k!
k∑
j=0
(−1)
j
(
k
j
)(
(k − j) a+ b
r
)p L∏
s=2
(
(k − j)αs + βs
rs
)ps
. (21)
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Proof. From (17) and (21), we have to show that
k∑
i=0
(
rp+ σ − i
k − i
)
A
αs,βs,rs,ps
a,b,r (p, i) =
k∑
j=0
(−1)
j
(
k
j
)(
(k − j) a+ b
r
)p L∏
s=2
(
(k − j)αs + βs
rs
)ps
. (22)
Beginning with the left-hand side of (22), we use the explicit formula (9) for A
(αs,βs,rs,ps)
a,b,r , to write
k∑
i=0
(
rp+ σ − i
k − i
)
A
(αs,βs,rs,ps)
a,b,r (p, i)
=
k∑
i=0
(
rp+ σ − i
k − i
) k∑
j=0
(−1)i+j
(
rp+ σ + 1
i− j
)(
aj + b
r
)p L∏
s=2
(
αsj + βs
rs
)ps
=
k∑
j=0
(−1)j
k∑
i=0
(−1)k+i
(
rp+ σ − i
k − i
)(
rp+ σ + 1
i− k + j
)(
a (k − j) + b
r
)p L∏
s=2
(
αs (k − j) + βs
rs
)ps
. (23)
Now, observe that for 0 ≤ j ≤ k, we have
k∑
i=0
(−1)
k+i
(
rp+ σ − i
k − i
)(
rp+ σ + 1
i− k + j
)
=
k∑
i=0
(
−rp− σ + i+ k − i − 1
k − i
)(
rp+ σ + 1
i− k + j
)
=
j∑
i=0
(
k − rp− σ − 1
i
)(
rp+ σ + 1
j − i
)
=
(
k
j
)
,
where the last step is the Vandermonde Convolution. Thus, expression (23) (the left-hand side of (22)) is
precisely the right-hand side of (22), as desired.
From (21) one can easily see that, for p given, the first two values S
αs,βs,rs,ps
a,b,r (p, 0) and S
αs,βs,rs,ps
a,b,r (p, 1)
are
S
αs,βs,rs,ps
a,b,r (p, 0) =
(
r!
(
b
r
))p L∏
s=2
(
rs!
(
βs
rs
))ps
, (24)
S
αs,βs,rs,ps
a,b,r (p, 1) =
(
r!
(
a+ b
r
))p L∏
s=2
(
rs!
(
αs + βs
rs
))ps
− S
αs,βs,rs,ps
a,b,r (p, 0) , (25)
and the last value S
αs,βs,rs,ps
a,b,r (p, rp+ σ) is
S
αs,βs,rs,ps
a,b,r (p, rp+ σ) = a
rp
L∏
s=2
αs
rsps . (26)
3 Case r = rs = 1: Main Results
In this section we consider the GSN S
αs,βs,1,ps
a,b,1 (p, k), k = 0, 1, . . . , p+ σ, σ = p2 + · · ·+ pL, involved in the
expansion (an+ b)
p
L∏
s=2
(αsn+ βs)
ps =
∑p+σ
k=0 k!S
αs,βs,1,ps
a,b,1 (p, k)
(
n
k
)
. For the sake of a simpler notation, we
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will work with the GSN Sa2,b2,1,p2a1,b1,1 (p, k), that we write as S
a2,b2,p2
a1,b1
(p, k). According to (21) we have the
explicit formula
S
a2,b2,p2
a1,b1
(p1, k) =
1
k!
k∑
j=0
(−1)
j
(
k
j
)
(a1 (k − j) + b1)
p1 (a2 (k − j) + b2)
p2 . (27)
(The case p2 = 0 was studied before by L. Verde-Star [23], and it is particular case of the Hsu and Shiue
generalization [14].) We present some Generalized Stirling Number Triangles (GSNT, for short), where
the GSN Sa2,b2,p2a1,b1 (p, k) appear in a triangular array (p ∈ N stands for lines and k stands for columns,
0 ≤ k ≤ p+ p2).
GSNT1: S
1,0,1
1,1 (p, k) .
pk 0 1 2 3 · · ·
0 0 1
1 0 2 1 · · ·
2 0 4 5 1
...
...
...
GSNT2: S
1,0,2
1,1 (p, k) .
pk 0 1 2 3 4 · · ·
0 0 1 1
1 0 2 4 1 · · ·
2 0 4 14 8 1
...
...
...
GSNT3: S
1,1,1
1,2 (p, k) .
pk 0 1 2 3 · · ·
0 1 1
1 2 4 1 · · ·
2 4 14 8 1
...
...
...
GSNT4: S
1,1,2
1,2 (p, k) .
pk 0 1 2 3 4 · · ·
0 1 3 1
1 2 10 7 1 · · ·
2 4 32 38 12 1
...
...
...
The following facts are obvious from (27):
S
a1,b1,p2
a1,b1
(p1, k) = Sa1,b1 (p1 + p2, k) , S
a2,b2,p2
a1,b1
(0, 0) = bp22 ,
S
a2,b2,p2
a1,b1
(p1, k) = S
a1,b1,p1
a2,b2
(p2, k) , S
a2,b2,p2
a1,b1
(0, k) = Sa2,b2 (p2, k) .
(28)
Also, one can see easily from (27) that
S1,1 (p, k) = S (p+ 1, k + 1) , (29)
S1,2 (p, k) = S (p+ 2, k + 2)− S (p+ 1, k + 2) .
(We will be using (28) and (29) without further comments.)
Some values of the GSN Sa2,b2,p2a1,b1 (p1, k) are
S
a2,b2,p2
a1,b1
(p1, 0) = b
p1
1 b
p2
2 , (30)
S
a2,b2,p2
a1,b1
(p1, 1) = (a1 + b1)
p1(a2 + b2)
p2− bp11 b
p2
2 ,
S
a2,b2,p2
a1,b1
(p1, 2) =
1
2
(2a1 + b1)
p1(2a2 + b2)
p2− (a1 + b1)
p1(a2 + b2)
p2+
1
2
b
p1
1 b
p2
2 ,
...
S
a2,b2,p2
a1,b1
(p1, p1 + p2) = a
p1
1 a
p2
2 .
The GSN Sa2,b2,p2a1,b1 (p1, k) satisfy the recurrence (to be proved in [19])
S
a2,b2,p2
a1,b1
(p1, k) = a1S
a2,b2,p2
a1,b1
(p1 − 1, k − 1) + (a1k + b1)S
a2,b2,p2
a1,b1
(p1 − 1, k) . (31)
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Lemma 2 The GSN S
a2,b2,p2
a1,b1
(p1, k) are related to the GSN S
c2,d2,j2
c1,d1
(p1, k), by the following formula
S
a2,b2,p2
a1,b1
(p1, k) = c
−p1
1 c
−p2
2
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1c1 − a1d1)
p1−j1 (b2c2 − a2d2)
p2−j2 S
c2,d2,j2
c1,d1
(j1, k) .
(32)
Proof. It is a straightforward calculation:
c
−p1
1 c
−p2
2
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1c1 − a1d1)
p1−j1 (b2c2 − a2d2)
p2−j2 S
c2,d2,j2
c1,d1
(j1, k)
= c−p11 c
−p2
2
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1c1 − a1d1)
p1−j1 (b2c2 − a2d2)
p2−j2 ×
×
1
k!
k∑
l=0
(−1)l
(
k
l
)
(c1 (k − l) + d1)
j1 (c2 (k − l) + d2)
j2
=
1
k!
k∑
l=0
(−1)
l
(
k
l
)
c
−p1
1
p1∑
j1=0
(
p1
j1
)
(b1c1 − a1d1)
p1−j1 (a1c1 (k − l) + a1d1)
j1
×c−p22
p2∑
j2=0
(
p2
j2
)
(b2c2 − a2d2)
p2−j2 (a2c2 (k − l) + a2d2)
j2
=
1
k!
k∑
l=0
(−1)
l
(
k
l
)
(a1 (k − l) + b1)
p1 (a2 (k − l) + b2)
p2
= Sa2,b2,p2a1,b1 (p1, k) ,
as desired.
In particular, from (32) (with c1 = c2 = 1, d1 = d2 = 0) we see that the GSN S
a1,b1,p2
a1,b1
(p1, k) can be
written in terms of standard Stirling numbers as
S
a2,b2,p2
a1,b1
(p1, k) =
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 b
p1−j1
1 b
p2−j2
2 S (j1 + j2, k) . (33)
If a1 = a2, b1 = b2 (or if p2 = 0), expression (33) reduces to
Sa,b (p, k) =
p∑
j=0
(
p
j
)
ajbp−jS (j, k) . (34)
(The particular case a = b = 1 of (34) is the known formula S (p+ 1, k + 1) =
∑p
j=0
(
p
j
)
S (j, k) .) Similarly,
the standard Stirling numbers can be written in terms of GSN (from (32) with a1 = a2 = 1, b1 = b2 = 0) as
S (p1 + p2, k) = c
−p1
1 c
−p2
2
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
(−d1)
p1−j1 (−d2)
p2−j2 S
c2,d2,j2
c1,d1
(j1, k) . (35)
If c1 = c2, d1 = d2 (or if p2 = 0), expression (35) reduces to
S (p, k) = c−p
p∑
j=0
(
p
j
)
(−d)
p−j
Sc,d (j, k) . (36)
(The particular case c = d = 1 of (36) is the known formula S (p, k) =
∑p
j=0
(
p
j
)
(−1)
p−j
S (j + 1, k + 1) .)
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Lemma 3 We have
S
a2,a2+b2,p2
a1,a1+b1
(p1, k) = S
a2,b2,p2
a1,b1
(p1, k) + (k + 1)S
a2,b2,p2
a1,b1
(p1, k + 1) . (37)
Proof. By using (32) we can write the GSN Sa2,a2+b2,p2a1,a1+b1 (p1, k) (left-hand side of (37)) as
S
a2,a2+b2,p2
a1,a1+b1
(p1, k) =
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
p1−j1
1 a
p2−j2
2 S
a2,b2,j2
a1,b1
(j1, k) ,
that is
S
a2,a2+b2,p2
a1,a1+b1
(p1, k)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
p1−j1
1 a
p2−j2
2
1
k!
k∑
t=0
(−1)
t
(
k
t
)
(a1 (k − t) + b1)
j1 (a2 (k − t) + b2)
j2
=
1
k!
k∑
t=0
(−1)
t
(
k
t
)
(a1 (k + 1− t) + b1)
p1 (a2 (k + 1− t) + b2)
p2 . (38)
On the other hand, the right-hand side of (37) is
S
a2,b2,p2
a1,b1
(p1, k) + (k + 1)S
a2,b2,p2
a1,b1
(p1, k + 1)
=
1
k!
k∑
t=0
(−1)
t
(
k
t
)
(a1 (k − t) + b1)
p1 (a2 (k − t) + b2)
p2
+(k + 1)
1
(k + 1)!
k+1∑
t=0
(−1)
t
(
k + 1
t
)
(a1 (k + 1− t) + b1)
p1 (a2 (k + 1− t) + b2)
p2
=
1
k!
k∑
t=0
(−1)
t
(
k
t
)
(a1 (k − t) + b1)
p1 (a2 (k − t) + b2)
p2
+
1
k!
k+1∑
t=0
(−1)
t
((
k
t
)
+
(
k
t− 1
))
(a1 (k + 1− t) + b1)
p1 (a2 (k + 1− t) + b2)
p2
=
1
k!
k∑
t=0
(
(−1)
t
+ (−1)
t+1
)(k
t
)
(a1 (k − t) + b1)
p1 (a2 (k − t) + b2)
p2
+
1
k!
k∑
t=0
(−1)
t
(
k
t
)
(a1 (k + 1− t) + b1)
p1 (a2 (k + 1− t) + b2)
p2
=
1
k!
k∑
t=0
(−1)t
(
k
t
)
(a1 (k + 1− t) + b1)
p1 (a2 (k + 1− t) + b2)
p2 ,
which is equal to (38), as desired.
(The case p2 = 0, a1 = 1, b1 = 0 of (37) is the known recurrence for standard Stirling numbers.)
Formula (32) is just a particular case (m = 0) of the following more general result.
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Proposition 4 For 0 ≤ k ≤ p1 + p2, and any non-negative integer m we have
k!Sa2,b2,p2a1,b1 (p1, k) (39)
= c−p11 c
−p2
2
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1c1 − a1c1m− a1d1)
p1−j1 (b2c2 − a2c2m− a2d2)
p2−j2 ×
×
m∑
t=0
(
m
t
)
(k + t)!Sc2,d2,j2c1,d1 (j1, k + t) .
Proof. If k = p1+p2, the left-hand side of (39) is (p1 + p2)!a
p1
1 a
p2
2 , and the right-hand side of (39) reduces
to the only term c−p11 c
−p2
2 a
p1
1 a
p2
2 (p1 + p2)!c
p1
1 c
p2
2 = (p1 + p2)!a
p1
1 a
p2
2 , so we can suppose that 0 ≤ k < p1+p2.
Observe that the right-hand side of (39) can be written as
c
−p1
1 c
−p2
2
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1c1 − a1c1m− a1d1)
p1−j1 (b2c2 − a2c2m− a2d2)
p2−j2 ×
×
m∑
t=0
(
m
t
) k+t∑
l=0
(−1)l
(
k + t
l
)
(c1 (k + t− l) + d1)
j1 (c2 (k + t− l) + d2)
j2
=
m∑
t=0
(
m
t
) k+t∑
l=0
(−1)
l
(
k + t
l
)
(a1 (k + t− l) + b1 − a1m)
p1 (a2 (k + t− l) + b2 − a2m)
p2 .
That is, we have to show that for 0 ≤ k < p1 + p2, and any non-negative integer m, one has
m∑
t=0
(
m
t
) k+t∑
l=0
(−1)
l
(
k + t
l
)
(a1 (k + t− l) + b1 − a1m)
p1 (a2 (k + t− l) + b2 − a2m)
p2
= k!Sa2,b2,p2a1,b1 (p1, k) . (40)
We proceed by induction on m. For m = 0 formula (40) is trivial. If we suppose (40) is true for a given
m ∈ N, then
m+1∑
t=0
(
m+ 1
t
) k+t∑
l=0
(−1)
l
(
k + t
l
)
×
× (a1 (k + t− l) + b1 − a1 (m+ 1))
p1 (a2 (k + t− l) + b2 − a2 (m+ 1))
p2
=
m∑
t=0
(
m
t
) k+t∑
l=0
(−1)
l
(
k + t
l
)
×
× (a1 (k + t− l) + b1 − a1 (m+ 1))
p1 (a2 (k + t− l) + b2 − a2 (m+ 1))
p2
+
m∑
t=0
(
m
t
) k+t+1∑
l=0
(−1)
l
(
k + t+ 1
l
)
×
× (a1 (k + t+ 1− l) + b1 − a1 (m+ 1))
p1 (a2 (k + t+ 1− l) + b2 − a2 (m+ 1))
p2
= k!Sa2,b2−a2,p2a1,b1−a1 (p1, k) + (k + 1)!S
a2,b2−a2,p2
a1,b1−a1
(p1, k + 1)
= k!
(
S
a2,b2−a2,p2
a1,b1−a1
(p1, k) + (k + 1)S
a2,b2−a2,p2
a1,b1−a1
(p1, k + 1)
)
= k!Sa2,b2,p2a1,b1 (p1, k) ,
as desired (in the last step we used (37)).
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In particular, expression (39) gives us the following infinite family of formulas for the GSN Sa2,b2,p2a1,b1 (p1, k)
in terms of standard Stirling numbers (where m is any non-negative integer)
k!Sa2,b2,p2a1,b1 (p1, k) (41)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1 − a1m)
p1−j1 (b2 − a2m)
p2−j2 ×
×
m∑
t=0
(
m
t
)
(k + t)!S (j1 + j2, k + t) .
We will see now that, for m > 0, there is a nicer form to write (41).
Lemma 5 For non-negative integers j, k, 0 ≤ k ≤ j ≤ p, and any positive integer m, we have the identity
m∑
t=0
(
m
t
)
(k + t)!S (j, k + t) = k!
m−1∑
t=0
(−1)
t
s (m,m− t)S (j +m− t, k +m) , (42)
where s (·, ·) are the Stirling numbers of the first kind.
Proof. We will use the recurrence for the Stirling numbers of the first kind s (p, k) = s (p− 1, k − 1) +
(p− 1) s (p− 1, k), and the recurrence for the Stirling numbers of the second kind S (p, k) = S (p− 1, k − 1)+
kS (p− 1, k). We proceed by induction on m: for m = 1 one can see easily that both sides of (42) are equal
to k!S (j + 1, k + 1). Let us assume that (42) is true for a given m ∈ N. Thus, we begin our argument with∑m+1
t=0
(
m+1
t
)
(k + t)!S (j, k + t). First write
(
m+1
t
)
=
(
m
t
)
+
(
m
t−1
)
. After some easy algebraic work, we use
the induction hypothesis to get
m+1∑
t=0
(
m+ 1
t
)
(k + t)!S (j, k + t)
=
m∑
t=0
(
m
t
)
(k + t)!S (j, k + t) +
m∑
t=0
(
m
t
)
(k + t+ 1)!S (j, k + t+ 1)
= k!
m−1∑
t=0
(−1)
t
s (m,m− t) (S (j +m− t, k +m) + (k + 1)S (j +m− t, k + 1 +m)) .
Now use the recurrence for the Stirling numbers of the second kind, then again some elementary algebraic
steps, and then use the recurrence for the Stirling numbers of the first kind, to get
m+1∑
t=0
(
m+ 1
t
)
(k + t)!S (j, k + t)
= k!
m−1∑
t=0
(−1)
t
s (m,m− t) (S (j +m+ 1− t, k +m+ 1)−mS (j +m− t, k +m+ 1))
= k!
m−1∑
t=0
(−1)
t
s (m,m− t)S (j +m+ 1− t, k +m+ 1)
−k!
m∑
t=1
(−1)t−1 ms (m,m+ 1− t)S (j +m+ 1− t, k +m+ 1)
= k!
m∑
t=0
(−1)
t
(s (m,m− t) +ms (m,m+ 1− t))S (j +m+ 1− t, k +m+ 1)
= k!
m∑
t=0
(−1)t s (m+ 1,m+ 1− t)S (j +m+ 1− t, k +m+ 1) ,
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which is the desired conclusion.
Corollary 6 The GSN S
a2,b2,p2
a1,b1
(p1, k) can be written in terms of standard Stirling numbers as
S
a2,b2,p2
a1,b1
(p1, k) =
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1 − a1m)
p1−j1 (b2 − a2m)
p2−j2 ×
×
m−1∑
t=0
(−1)
t
s (m,m− t)S (j1 + j2 +m− t, k +m) , (43)
where m is any positive integer.
Proof. Formula (43) comes directly from (41) and (42).
In particular, if b1 is a positive integer, we have from (43) with p2 = 0, a1 = 1 and m = b1 that
S1,m (p, k) =
m−1∑
t=0
(−1)
t
s (m,m− t)S (p+m− t, k +m) . (44)
For m = 1, 2, formula (44) gives (29). For m = 3, 4 we have
S1,3 (p, k) = S (p+ 3, k + 3)− 3S (p+ 2, k + 3) + 2S (p+ 1, k + 3) , (45)
S1,4 (p, k) = S (p+ 4, k + 4)− 6S (p+ 3, k + 4) + 11S (p+ 2, k + 4)− 6S (p+ 1, k + 4) .
An interesting consequence of (44) is the following.
Corollary 7 We have the following recurrence for Stirling numbers
S (p1 + p2, l) =
p2−1∑
k=1
(−1)
p2+1+k s (p2, k)S (p1 + k, l) +
p1∑
j=0
(
p1
j
)
p
p1−j
2 S (j, l − p2) . (46)
Proof. From (34) and (44) we have that
S1,p2 (p1, l) =
p1∑
j=0
(
p1
j
)
p
p1−j
2 S (j, l) =
p2∑
t=1
(−1)p2+t s (p2, t)S (p1 + t, l + p2) . (47)
Substitute l by l − p2 to obtain from (47) the desired conclusion (46).
For example, if p2 = 2, 3, we have
S (p1 + 2, l) = S (p1 + 1, l) +
p1∑
j=0
(
p1
j
)
2p1−jS (j, l − 2)
S (p1 + 3, l) = −2S (p1 + 1, l) + 3S (p1 + 2, l) +
p1∑
j=0
(
p1
j
)
3p1−jS (j, l − 3) .
For p1 given and l = p2, (46) gives us formulas expressing Stirling numbers of the second kind in terms
of Stirling numbers of the first kind. For example, for p1 = 1, 2 we have
S (p2 + 1, p2) = s (p2, p2 − 1) + p2.
S (p2 + 2, p2) = (s (p2, p2 − 1))
2
+ p2s (p2, p2 − 1)− s (p2, p2 − 2) + p
2
2.
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The main ideas involved in (33), (41) and (43) can be summarized as follows: we can write the GSN
S
a2,b2,p2
a1,b1
(p1, k) in terms of standard Stirling numbers by using (33) (which comes from (41) with m = 0),
but also for m > 0 we can use (43). For example, with m = 0, 1, 2 we have
S
a2,b2,p2
a1,b1
(p1, k) (48)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 b
p1−j1
1 b
p2−j2
2 S (j1 + j2, k)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1 − a1)
p1−j1 (b2 − a2)
p2−j2 S (j1 + j2 + 1, k + 1)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
a
j1
1 a
j2
2 (b1 − 2a1)
p1−j1 (b2 − 2a2)
p2−j2 ×
× (S (j1 + j2 + 2, k + 2)− S (j1 + j2 + 1, k + 2)) .
Some concrete examples of (48) are the following,
S
1,0,p2
1,1 (p1, k) (49)
=
p1∑
j1=0
(
p1
j1
)
S (j1 + p2, k)
=
p2∑
j2=0
(
p2
j2
)
(−1)
p2−j2 S (p1 + j2 + 1, k + 1)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
(−1)
p1−j1 (−2)
p2−j2 (S (j1 + j2 + 2, k + 2)− S (j1 + j2 + 1, k + 2)) .
S
1,0,p2
1,2 (p1, k) (50)
=
p1∑
j1=0
(
p1
j1
)
2p1−j1S (j1 + p2, k)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
(−1)
p2−j2 S (j1 + j2 + 1, k + 1)
=
p2∑
j2=0
(
p2
j2
)
(−2)
p2−j2 (S (p1 + j2 + 2, k + 2)− S (p1 + j2 + 1, k + 2)) .
S
1,2,p2
1,1 (p1, k) (51)
=
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
2p2−j2S (j1 + j2, k)
=
p2∑
j2=0
(
p2
j2
)
S (p1 + j2 + 1, k + 1)
=
p1∑
j1=0
(
p1
j1
)
(−1)
p1−j1 (S (j1 + p2 + 2, k + 2)− S (j1 + p2 + 1, k + 2)) .
12
(In passing: from (51) we see that S1,2,p1,1 (1, k) =
∑p
j=0
(
p
j
)
S (j + 2, k + 1), and from (49) we see that
S
1,0,2
1,1 (p, k) =
∑p
j=0
(
p
j
)
S (j + 2, k). So we have S1,1,11,2 (p, k) = S
1,0,2
1,1 (p, k + 1) (see GSNT2 and GSNT3).)
Formula (32) gives us the following relations involving the GSN (49), (50), (51):
S
1,0,p2
1,1 (p1, k) =
p1∑
j1=0
(
p1
j1
)
(−1)
p1−j1 S
1,0,p2
1,2 (j1, k) (52)
=
p2∑
j2=0
(
p2
j2
)
(−2)
p2−j2 S
1,2,p2
1,1 (p1, k) ,
S
1,0,p2
1,2 (p1, k) =
p1∑
j1=0
p2∑
j2=0
(
p1
j1
)(
p2
j2
)
(−2)p2−j2 S1,2,j21,1 (j1, k) ,
which, in terms of standard Stirling numbers, can be written as
p∑
j=0
(
p
j
)
S (q + j, k) =
p∑
l=0
l∑
j=0
(
p
l
)(
l
j
)
(−1)
p−l
2l−jS (q + j, k) (53)
=
q∑
l=0
l∑
j=0
(
q
l
)(
l
j
)
(−2)
q−l
S (p+ j + 1, k + 1) ,
p∑
j=0
(
p
j
)
2p−jS (q + j, k) =
p∑
j=0
q∑
i=0
i∑
l=0
(
p
j
)(
q
i
)(
i
l
)
(−2)q−i S (j + l + 1, k + 1) .
(Of course, (53) is just one of the infinite family of possibilities to write (52) in terms of standard Stirling
numbers.)
Now we begin to explore a new relation involving GSN.
Lemma 8 For 0 ≤ l ≤ p2 + q1 + q2 we have
S
a2,b2,q1+q2
a1,b1
(p2, l) =
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)Sa2,a2m+b2 (q1, l−m) . (54)
Proof. We proceed by induction on q1. If q1 = 0 formula (54) is trivial. If we suppose it is true for
q1 ∈ N, we have
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)Sa2,a2m+b2 (q1 + 1, l −m)
=
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)
(
a2Sa2,a2m+b2 (q1, l −m− 1)
+ (a2 (l −m) + a2m+ b2)Sa2,a2m+b2 (q1, l −m)
)
= a2
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)Sa2,a2m+b2 (q1, l−m− 1)
+ (a2l + b2)
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)Sa2,a2m+b2 (q1, l −m)
= a2S
a2,b2,q1+q2
a1,b1
(p2, l − 1) + (a2l + b2)S
a2,b2,q1+q2
a1,b1
(p2, l)
= Sa2,b2,q1+q2+1a1,b1 (p2, l) ,
as desired.
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Proposition 9 For 0 ≤ l ≤ p1 + p2 + q1 + q2 we have
S
a2,b2,q1+q2
a1,b1
(p1 + p2, l) =
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m) . (55)
Proof. We proceed by induction on p1. If p1 = 0, formula (55) is (54). If formula (55) is true for p1 ∈ N,
then (by using the recurrence (31))
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)S
a2,a2m+b2,q1
a1,a1m+b1
(p1 + 1, l−m)
=
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)
(
a1S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m− 1)
+ (a1 (l −m) + a1m+ b1)S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m)
)
=
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)
(
a1S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m− 1)
+ (a1l + b1)S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m)
)
=
p2+q2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m) a1S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m− 1)
+ (a1l + b1)
p2∑
m=0
S
a2,b2,q2
a1,b1
(p2,m)S
a2,a2m+b2,q1
a1,a1m+b1
(p1, l −m)
= Sa2,b2,q1+q2a1,b1 (p1 + p2, l− 1) + (a1l + b1)S
a2,b2,q1+q2
a1,b1
(p1 + p2, l)
= Sa2,b2,q1+q2a1,b1 (p1 + p2 + 1, l) ,
as desired.
The case q1 = q2 = 0 of (55) is
Sa1,b1 (p1 + p2, l) =
p2∑
m=0
Sa1,b1 (p2,m)Sa1,a1m+b1 (p1, l −m) , (56)
and the standard case a1 = 1, b1 = 0 of (56) can be written (by using (34)) as
S (p1 + p2, l) =
p2∑
m=0
p1∑
j=0
(
p1
j
)
mp1−jS (j, l −m)S (p2,m) . (57)
Comparing with (46), we conclude the identity (for positive p2)
p2−1∑
m=0
p1∑
j=0
(
p1
j
)
mp1−jS (j, l −m)S (p2,m) =
p2−1∑
k=1
(−1)
p2+k+1 s (p2, k)S (p1 + k, l) . (58)
(It is possible to prove (58) by induction on the non-negative integer p1, by using only the recurrence for
standard Stirling numbers of the second kind. It is a nice exercise left to the reader.)
It is interesting to note that, for p1 given, formula (57) gives us an explicit formula for the Stirling
number S (p+ p1, l) in terms of the Stirling numbers S (p, l) , S (p, l− 1) , . . . , S (p, l − p1) (the case p1 = 0
is trivial). If p1 = 1, formula (57) is just the known standard recurrence S (p+ 1, l) = lS (p, l) + S (p, l− 1).
For example, if p1 = 2, 3, formula (58) gives us
S (p+ 2, l) = l2S (p, l) + (2l − 1)S (p, l − 1) + S (p, l− 2) , (59)
S (p+ 3, l) = l3S (p, l) +
(
3l2 − 3l+ 1
)
S (p, l − 1) + 3 (l − 1)S (p, l − 2) + S (p, l− 3) ,
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respectively (iterations of the standard recurrence).
A final comment about (56): we can use (43) to write (56) as
Sa1,b1 (p1 + p2, l) = (60)
p2∑
m=0
p1∑
j1=0
(
p1
j1
)
a
j1
1 (b1 − a1 (n−m))
p1−j1
n−1∑
t=0
(−1)
t
s (n, n− t)S (j1 + n− t, l−m+ n)Sa1,b1 (p2,m) ,
where n is an arbitrary positive integer. Some particular cases of (60) are the following (relatives of (57))
S (p1 + p2, l) =
p2∑
m=0
p1∑
j1=0
(
p1
j1
)
(m− 1)
p1−j1 S (j1 + 1, l−m+ 1)S (p2,m)
=
p2∑
m=0
p1∑
j1=0
(
p1
j1
)
(m− 2)
p1−j1 (S (j1 + 2, l−m+ 2)− S (j1 + 1, l−m+ 2))S (p2,m) .
S (p1 + p2 + 1, l+ 1)
=
p2∑
m=0
p1∑
j1=0
(
p1
j1
)
mp1−j1S (j1 + 1, l−m+ 1)S (p2 + 1,m+ 1)
=
p2∑
m=0
p1∑
j1=0
(
p1
j1
)
(m− 1)p1−j1 (S (j1 + 2, l−m+ 2)− S (j1 + 1, l−m+ 2))S (p2 + 1,m+ 1) .
Formula (55) can be seen as an identity of two polynomials in the variables a1, b1, a2, b2. This fact
produces some natural corollaries. We show next one of them.
Corollary 10 For 0 ≤ l, t ≤ p1 + p2 + q1 + q2, we have
q1+q2∑
r=0
(
p1 + p2 + r
t
)(
q1 + q2
r
)
S (p1 + p2 + r − t, l) (61)
=
p2+q2∑
m=0
q1∑
r1=0
q2∑
r2=0
p1+r1∑
k=0
k∑
s=0
(
q1
r1
)(
q2
r2
)(
p1 + r1
k
)(
p2 + r2
t− s
)(
k
s
)
×
×mk−sS (p2 + r2 − t+ s,m)S (p1 + r1 − k, l−m) .
Proof. We consider the case a1 = a2(= a), b2 = b1 + 1(= b+ 1) of (55), that is
p2+q2∑
m=0
S
a,b+1,q2
a,b (p2,m)S
a,am+b+1,q1
a,am+b (p1, l−m) = S
a,b+1,q1+q2
a,b (p1 + p2, l) . (62)
We claim that
S
a,b+1,q
a,b (p, k) =
q∑
r=0
(
q
r
)
Sa,b (p+ r, k) . (63)
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In fact, we have
S
a,b+1,q
a,b (p, k) =
1
k!
k∑
j=0
(−1)
j
(
k
j
)
(a (k − j) + b)
p
(a (k − j) + b+ 1)
q
=
1
k!
k∑
j=0
(−1)j
(
k
j
)
(a (k − j) + b)p
q∑
r=0
(
q
r
)
(a (k − j) + b)r
=
q∑
r=0
(
q
r
)
1
k!
k∑
j=0
(−1)
j
(
k
j
)
(a (k − j) + b)
p+r
=
q∑
r=0
(
q
r
)
Sa,b (p+ r, k) ,
which proves our claim. Thus, by using (63) we can write (62) as
p2+q2∑
m=0
q1∑
r1=0
q2∑
r2=0
(
q1
r1
)(
q2
r2
)
Sa,b (p2 + r2,m)Sa,am+b (p1 + r1, l −m)
=
q1+q2∑
r=0
(
q1 + q2
r
)
Sa,b (p1 + p2 + r, l) . (64)
Set a = 1 and use (34) to obtain from (64) that
p1+p2+q1+q2∑
t=0
q1+q2∑
r=0
(
p1 + p2 + r
t
)(
q1 + q2
r
)
btS (p1 + p2 + r − t, l) (65)
=
p2+q2∑
m=0
q1∑
r1=0
q2∑
r2=0
(
q1
r1
)(
q2
r2
) p1+r1∑
k=0
(
p1 + r1
k
)
×
×
p2+r2∑
j=0
(
p2 + r2
j
)
S (p2 + r2 − j,m)
k∑
s=0
(
k
s
)
bs+jmk−sS (p1 + r1 − k, l−m) .
In the right-hand side of (65) introduce the new summation index t = s+ j, to obtain
p1+p2+q1+q2∑
t=0
q1+q2∑
r=0
(
p1 + p2 + r
t
)(
q1 + q2
r
)
btS (p1 + p2 + r − t, l)
=
p2+q2∑
m=0
q1∑
r1=0
q2∑
r2=0
(
q1
r1
)(
q2
r2
) p1+r1∑
k=0
(
p1 + r1
k
) k∑
s=0
(
k
s
)
mk−s ×
×
p2+r2+k∑
t=s
(
p2 + r2
t− s
)
S (p2 + r2 − t+ s,m) b
tS (p1 + r1 − k, l −m) ,
from where we obtain the desired conclusion (61).
The case q1 = q2 = 0 of (61) says that for 0 ≤ l, t ≤ p1 + p2 we have(
p1 + p2
t
)
S (p1 + p2 − t, l) (66)
=
p2∑
m=0
p1∑
k=0
k∑
s=0
(
p1
k
)(
p2
t− s
)(
k
s
)
mk−sS (p2 − t+ s,m)S (p1 − k, l −m) ,
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(the case t = 0 of (66) is (57).
When t = p1 + p2 expression (61) looks as
q1+q2∑
r=0
(
p1 + p2 + r
r
)(
q1 + q2
r
)
S (r, l) =
p2+q2∑
m=0
q1∑
r1=0
q2∑
r2=0
p1+r1∑
k=0
k∑
s=0
(
q1
r1
)(
q2
r2
)(
p1 + r1
k
)(
p2 + r2
p1 + p2 − s
)(
k
s
)
×
×mk−sS (r2 − p1 + s,m)S (p1 + r1 − k, l −m) . (67)
If we set l = 1 in (67), we obtain the combinatorial identity
q1+q2∑
r=1
(
p1 + p2 + r
r
)(
q1 + q2
r
)
=
q2∑
r2=1
(
q2
r2
)((
p1
r2
)
+
r2−1∑
s=0
(
p2 + r2
r2 − s
)(
p1
s
))
(68)
+
q1∑
r1=1
(
q1
r1
)((
p1 + r1
r1
)
+
r1−1∑
s=0
(
p2
r1 − s
)(
p1 + r1
s
))
+
q1∑
r1=1
q2∑
r2=1
(
q1
r1
)(
q2
r2
)((
p1 + r1
r1 + r2
)
+
r1+r2−1∑
s=0
(
p2 + r2
r2 + r1 − s
)(
p1 + r1
s
))
.
Formula (55) can be generalized to the case of sums of N non-negative integers p1 + · · · + pN and
q1 + · · ·+ qN . We just report the case N = 3:
S
a2,b2,q1+q2+q3
a1,b1
(p1 + p2 + p3, l) (69)
=
p3+q3∑
n=0
p2+q2∑
m=0
S
a2,b2,q3
a1,b1
(p3, n)S
a2,a2n+b2,q2
a1,a1n+b1
(p2,m)S
a2,a2(m+n)+b2,q1
a1,a1(m+n)+b1
(p1, l − n−m) ,
(sketch of the proof: in (55) substitute b1 by a1n + b1, b2 by a2n + b2, and l by l − n, then multiply both
sides by Sa2,b2,q3a1,b1 (p3, n), then take the sum
∑p3+q3
n=0 in both sides, and finally use (55) to obtain (69)).
The following result shows that the GSN Sa2,b2,p2a1,b1 (p1, t) are involved in some (weighted and/or general-
ized) sums of powers formulas (as expected, see [2, 25]).
Proposition 11 For integers m > 0 and 0 ≤ k ≤ m− 1, we have
m−k−1∑
t=0
(
m
t+ k + 1
)
t!Sa2,b2+a2m,p2a1,b1+a1m (p1, t) =
m∑
t=k+1
(
t− 1
k
)
(b1 + a1t)
p1 (b2 + a2t)
p2 . (70)
Proof. We proceed by induction on m. If m = 1 (and then k = 0) we have
S
a2,b2+a2,p2
a1,b1+a1
(p1, 0) = (b1 + a1)
p1 (b2 + a2)
p2 .
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If it is true for an m, then
m−k∑
t=0
(
m+ 1
t+ k + 1
)
t!Sa2,b2+a2+a2m,p2a1,b1+a1+a1m (p1, t)
=
m−k−1∑
t=0
(
m
t+ k + 1
)
t!Sa2,b2+a2+a2m,p2a1,b1+a1+a1m (p1, t) +
m−k∑
t=0
(
m
t+ k
)
t!Sa2,b2+a2+a2m,p2a1,b1+a1+a1m (p1, t)
=
m∑
t=k+1
(
t− 1
k
)
(b1 + a1 + a1t)
p1 (b2 + a2 + a2t)
p2 +
m∑
t=k
(
t− 1
k − 1
)
(b1 + a1 + a1t)
p1 (b2 + a2 + a2t)
p2
=
m∑
t=k+1
(
t
k
)
(b1 + a1 + a1t)
p1 (b2 + a2 + a2t)
p2 + (b1 + a1 + a1k)
p1 (b2 + a2 + a2k)
p2
=
m+1∑
t=k+2
(
t− 1
k
)
(b1 + a1t)
p1 (b2 + a2t)
p2 + (b1 + a1 + a1k)
p1 (b2 + a2 + a2k)
p2
=
m+1∑
t=k+1
(
t− 1
k
)
(b1 + a1t)
p1 (b2 + a2t)
p2 ,
as desired.
Two examples of (70) are
m∑
t=k+1
(
t− 1
k
)
(m− t) (t−m− 1)2 = 4
(
m+ 1
k + 3
)
+ 6
(
m+ 1
k + 4
)
.
m∑
t=k+1
(
t− 1
k
)
(m− t)
3
=
(
m
k + 2
)
+ 6
(
m+ 1
k + 4
)
.
To end this section we show a convolution formula involving the GSN.
Proposition 12 For arbitrary non-negative integers k and µ we have
(
k + µ
k
)
S
a2,b2,p2
a1,b1
(p1, k + µ) =
p2∑
j2=0
p1∑
j1=0
(
p1
j1
)(
p2
j2
)
S
a2,0,p2−j2
a1,0
(p1 − j1, µ)S
a2,b2,j2
a1,b1
(j1, k) . (71)
Proof. We proceed by induction on k. For k = 0 we have
p2∑
j2=0
p1∑
j1=0
(
p1
j1
)(
p2
j2
)
S
a2,0,p2−j2
a1,0
(p1 − j1, µ)S
a2,b2,j2
a1,b1
(j1, 0)
=
p2∑
j2=0
p1∑
j1=0
(
p1
j1
)(
p2
j2
)
b
j1
1 b
j2
2 S
a2,0,p2−j2
a1,0
(p1 − j1, µ)
=
p2∑
j2=0
p1∑
j1=0
(
p1
j1
)(
p2
j2
)
b
j1
1 b
j2
2
1
µ!
µ∑
s=0
(−1)
s
(
µ
s
)
(a1 (µ− s))
p1−j1 (a2 (µ− s))
p2−j2
=
1
µ!
µ∑
s=0
(−1)s
(
µ
s
)
(a1 (µ− s) + b1)
p1 (a2 (µ− s) + b2)
p2
= Sa2,b2,p2a1,b1 (p1, µ) ,
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as desired. If formula (71) is true for a given k ∈ N, we have (by using (37))
p2∑
j2=0
p1∑
j1=0
(
p1
j1
)(
p2
j2
)
S
a2,0,p2−j2
a1,0
(p1 − j1, µ)S
a2,b2,j2
a1,b1
(j1, k + 1)
=
1
k + 1
p2∑
j2=0
p1∑
j1=0
(
p1
j1
)(
p2
j2
)
S
a2,0,p2−j2
a1,0
(p1 − j1, µ)
(
S
a2,a2+b2,j2
a1,a1+b1
(j1, k)− S
a2,b2,j2
a1,b1
(j1, k)
)
=
1
k + 1
( ∑p2
j2=0
∑p1
j1=0
(
p1
j1
)(
p2
j2
)
S
a2,0,p2−j2
a1,0
(p1 − j1, µ)S
a2,a2+b2,j2
a1,a1+b1
(j1, k)
−
∑p2
j2=0
∑p1
j1=0
(
p1
j1
)(
p2
j2
)
S
a2,0,p2−j2
a1,0
(p1 − j1, µ)S
a2,b2,j2
a1,b1
(j1, k)
)
=
1
k + 1
((
k + µ
k
)
S
a2,a2+b2,p2
a1,a1+b1
(p1, k + µ)−
(
k + µ
k
)
S
a2,b2,p2
a1,b1
(p1, k + µ)
)
=
1
k + 1
(
k + µ
k
)(
S
a2,a2+b2,p2
a1,a1+b1
(p1, k + µ)− S
a2,b2,p2
a1,b1
(p1, k + µ)
)
=
1
k + 1
(
k + µ
k
)
(k + µ+ 1)Sa2,b2,p2a1,b1 (p1, k + µ+ 1)
=
(
k + µ+ 1
k + 1
)
S
a2,b2,p2
a1,b1
(p1, k + µ+ 1) ,
as wanted.
(The case a1 = a2 = 1, b1 = b2 = 0 of (71) is formula (6.28), p. 265 in [12].)
4 Further Results: Recurrence and Differential Operator
The GSN S
αs,βs,rs,ps
1,b,r (p, k) satisfy the recurrence
S
αs,βs,rs,ps
1,b,r (p, k) = r!
r∑
t=0
1
t!
(
b+ k − t
r − t
)
S
αs,βs,rs,ps
1,b,r (p− 1, k − t) . (72)
In terms of Differential Operators, the GSN S1,b,r (p, k) can be defined by
r! r∑
j=0
(
b
r−j
)
j!
xj
dj
dxj


p
=
rp∑
k=0
S1,b,r (p, k)x
k d
k
dxk
. (73)
Formulas (72) and (73) are (some of) the main results of the second part of this work [19].
References
[1] P. Blasiak, Combinatorics of boson normal ordering and some applications, PhD Thesis: University of
Paris VI and Polish Academy of Sciences, Krakow, Poland. arXiv:quant-ph/0507206v2
[2] K. N. Boyadzhiev, Close Encounters with the Stirling Numbers of the Second Kind, Math. Mag. 85
(2012), 252–266.
[3] L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math. 15 (1979), 51–88.
[4] L. Carlitz, Weighted Stirling numbers of the first and second kind I, Fibonacci Quart. 18 (1980), 147–
162.
19
[5] L. Carlitz, Weighted Stirling numbers of the first and second kind II, Fibonacci Quart. 18 (1980),
242–257.
[6] Ch. A. Charalambides, On weighted Stirling and other related numbers and some combinatorial appli-
cations, Fibonacci Quart. 22 (1984), 296–309.
[7] Ch. A. Charalambides and M. Koutras, On the differences of the generalized factorials at an arbitrary
point and their combinatorial applications, Discrete Math. 47 (1983), 183–201.
[8] Ch. A. Charalambides and J. Singh, A review of Stirling numbers, their generalizations and statistical
applications, Comm. Statist. Theory Methods 17 (1988), 2533–2595.
[9] H. W. Gould, Combinatorial Identities, Morgantown, W. Va. 1972.
[10] H. W. Gould and A. T. Hopper, Operational formulas connected with two generalizations of Hermite
polynomials, Duke Math. J. 29 (1962), 51–63.
[11] U. Graf, Applied Laplace Transforms and z-Transforms for Scientists and Engineers: A Computational
Approach using a Mathematica Package, Birkha¨user, 2004.
[12] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics. A Foundation for Computer
Science, 2nd. Ed., Addison Wesley, 1993.
[13] F. T. Howard, Degenerate weighted Stirling numbers, Discrete Math. 57 (1985), 45–58.
[14] L. C. Hsu and P. J. S. Shiue, A unified approach to generalized Stirling numbers, Adv. Appl. Math. 20
(1998), 366–384.
[15] M. Koutras, Non-central Stirling numbers and some applications, Discrete Math. 42 (1982), 73–89.
[16] T. Mansour and M. Schork, Commutation Relations, Normal Ordering, and Stirling Numbers, CRC
Press, 2016.
[17] C. Pita, On a Generalization of Eulerian Numbers. Submitted.
[18] C. Pita, Generalized Eulerian Polynomials and Some Applications. Submitted.
[19] C. Pita, Generalized Stirling Numbers: Recurrence and Differential Operators. In preparation.
[20] C. Pita, Generalized Bell Numbers. In preparation.
[21] J. Riordan, Moment recurrence relations for binomial Poisson and hypergeometric frequency distribu-
tion, Ann. Math. Statisc. 8 (1937), 103–111.
[22] R. P. Stanley, Enumerative Combinatorics, Vol.1, Cambridge Studies in Advanced Mathematics 49,
Cambridge University Press, 1997.
[23] L. Verde-Star, Interpolation and combinatorial functions, Stud. Appl. Math. 79 (1988), 65–92.
[24] R. Vilch, Z Transform. Theory and Applications, D. Reidel Publishing Company, 1987.
[25] R. Witu la, K. Kaczmarek, P. Lorenc, E. Hetmaniok, and M. Pleszczyn´ski, Jordan Numbers, Stirling
Numbers and Sums of Powers, Discuss. Math. Gen. Algebra Appl. 34 (2014), 155–166.
[26] J. Worpitzky, Studien u¨ber die Bernoullischen und Eulerschen Zahlen, J. Reine Angew. Math. 94 (1883),
203–232.
2010 Mathematics Subject Classification: Primary 11B73; Secondary 11B83.
Keywords: generalized Stirling numbers of the second kind, Stirling number identities.
20
